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1. Solution: If we take the limits through the path x = y2, then
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Therefore, lim
(x,y)→(0,0)

f(x, y) does not exist.

2. Solution:

(i) Let (x0, y0) be any point in R2.

For any ε > 0, there exists δ ∈
(
0,min{1, ε

2|x0|+ 1 + 2|x0|2(|y0|+ 1)
}
)

such that for

any ‖(x, y)− (x0, y0)‖ < δ,

|g(x, y)− g(x0, y0)| =
∣∣x2 sin(x+ y2)− x20 sin(x0 + y20)

∣∣
=
∣∣x2 sin(x+ y2)− x20 sin(x+ y2) + x20 sin(x+ y2)− x20 sin(x0 + y20)

∣∣
≤
∣∣x2 sin(x+ y2)− x20 sin(x+ y2)

∣∣+ ∣∣x20 sin(x+ y2)− x20 sin(x0 + y20)
∣∣

= |(x2 − x20) sin(x+ y2)|+
∣∣x20(sin(x+ y2)− sin(x0 + y20))

∣∣
= |(x2 − x20) sin(x+ y2)|+

∣∣∣∣2x20 cos x+ x0 + y2 + y20
2

sin
x− x0 + y2 − y20

2

∣∣∣∣
≤ |x2 − x20|+

∣∣∣∣2x20 sin x− x0 + y2 − y20
2

∣∣∣∣
= |x+ x0||x− x0|+ |x0|2|x− x0 + y2 − y20|
≤ |x+ x0||x− x0|+ |x0|2(|x− x0|+ |y + y0||y − y0|)
≤ (2|x0|+ δ)δ + |x0|2(δ + (2|y0|+ δ)δ)

≤ [2|x0|+ 1 + 2|x0|2(|y0|+ 1)]δ

≤ ε.
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Here we used the fact that
| sin t| ≤ |t|, t ∈ R

|x+ x0| ≤ |x− x0|+ |2x0| ≤ 2|x0|+ δ,

|y + y0| ≤ |y − y0|+ |2y0| ≤ 2|y0|+ δ.

Therefore, g(x, y) is continuous at any point (x0, y0) ∈ R2, i.e. g(x, y) is continuous
on R2.

(ii) If we take (x0, y0) = (−1, 2), and ε = 0.1, then we can take δ = 0.01.

3.

lim
n→∞

an = lim
n→∞

n2

5n2 + n

= lim
n→∞

1

5 + n−1

=
1

5

and

lim
n→∞

bn = lim
n→∞

1

n

n∑
k=1

e−k

= lim
n→∞

1

n
· e
−1(1− (e−1)n)

1− e−1
= 0.

Therefore, lim
n→∞

(an, bn) = (15 , 0).

4. Proof: For any ε > 0, there exists δ = 1
2 , such that for any (x, y) ∈ X satisfying

ρ((x, y)− (0, 0)) < δ, we have

τ(h(x, y)− h(0, 0)) = |h(x, y)− h(0, 0)| = |h(0, 0)− h(0, 0)| = 0 < ε.

Therefore, h(x, y) is continuous at (0, 0) with respect to ρ− τ .
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